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Abstract

The distribution of long-lived atmospheric constituents is strongly
influenced by the extent to which they are transported by large-scale
atnospheric circulat ions. At present our knowledge of the effects of these
cirquJ-ations is incomplete and can in principle be improved by incorporating
information on tracer distr ibutions. Since each tracer cycle has i ts own
inherent uncertaint ies as well  as the uncertaint ies in the atmospheric
tra4sports, the overal l  model cal ibrat ion problem becomes one of considerable
conplexity once a number of different tracers are considered. The
application of transformations developed for analysing siesmic data can
separate the caLibration problem into a number of essentlally independent
part.s, reducing the complexity to a more manageable level and allowing for
systematic inclusion of addit ional tracer information as i t  becomes
avail-able.
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1. Modelling Atmospheric Transports

This report investigates some of the problems involved in modelling
the transports of passj.ve tracers in the atmosphere. The rpassive' Lracers
are those that do not directly change the dynamics of the atrnosphere and so
the modelLing can be performed using a kinenatic descript ion of the
transports.

The main aims of studies involving the transport of trace
atmospheric consti tuents usually fal l  into one of the folrowj-ng classes:

Deducing the distr ibutions of sources and sinks from the observed
distr ibution of a tracer.

( j- i )  using the observed distr ibution of a tracer to deduce rarge-scale
features of the atmospheric circulat ion such as transport rates
between the two hemispheres.

( i i i )  Predict ing the future concentrat ions of various atmospheric
constj . tuents, given scenarios for changes in the sources.

( iv) Extending such studies from 'normal '  condit ions to the 'abnormal '

condit ions ranging from the relat ively sma1l anomalies in
transports in particular years right through to the .major changes
that might be associatecl with a nuclear war.

The various studies of atmospheric consti tuents wil l  use various
types of transport models with varying degrees of spatiar resolut ion. The
primary feature determining the appropriate spatial resolution is the
time-scales involved in the dycles of a part icular tracer. Figure L. l-  is a
schematic representation of the time scares associated wj-th atmospheric
mi.xi.ng on various length scales. one important aspect is the differences
between the length vs t ime curves in the three dif ferent direct ions.

These scale dif ferences mean that i f  the t ime scales involved are
too short to just i fy a zero-dimensional mode1, ignoring atmospheric
transports altogether, then a one-dimensional model with only vert ical
resolution may be appropriate. Alternatively a one-dimensional model with
only horizontar mixing may be appropriate in other cases - the mj.xing t.imes
from north to south and from troposphere to stratosphere are similar. The
most. appropriate direction to resorve is the one in which there is mos€
variabi l i ty.

For situations with shorter t ime scales or with signif icant
variabi l i ty in both horizontal and vert ical direct ions, a two-dimensional
(zona1ly-averaged) model becomes appropriate, so long as the t ime scales are
long enough to ensure zonal mixing. Finally if very short tiire-scales are of
interest or i f  there is variabi l i ty in al l  three spatial direit ions, a ful l
three-dimensional rnodel is appropriate.

( i )
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When using the lower-dimensional i ty models, i t  is important to note
different possible ways in which they can be interpreted. Bauer (L980)
l isted three dif ferent ways in which one-dimensional (height only) model_s
be interpreted, namely

(i)  as representing global average height distr ibutions;

( i i )  as representing hemispheric averages;

( i i i )  as representing typical mid-tat i tude (30.N) distr ibutions.

Similarly, one-dimensional models in which only lat i tude is
resolved can be interpreted as representing

(i) surface values (averaged at that lat i tucle) i

( i i )  tropospheric averages (at that lat i tude);

( i i i )  atnospheric averages (at that lat i tude).

Some insight into the ways in which these different types of one-dimensional
model should be treated can be obtaj-ned by investigating the way in which
such models relate to a fuller two-dimensional model of the atmospheric
transports.
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Zero-dimensional (single reservoir models) can represent either the
troposphere or the atmosphere as a who1e. Two-dimensional models are almost
always taken as representing zonally averaged distr ibutions.

This report is concernei l  rr i th the question of cal ibrat ing
atmospheric transport models and while much of the analysis is quite general,
i t  is two-dimensional models that are of most concern here. Two-dimensional
models have much rnore complexity than one-dimensional models because they can
include both advective and diffusive parameterization of the transports.
Two-dimensional models also have complications that are missing from
three-dimensional modell ing studies because the process of zonal averaging
transforms some three-dimensional advective process ( in part icular those
involving eddies) into two-dimensional rdif fusivet processes in a poorly
determined manner. Thus two-dimensionaL models may be more complicated to
calibrate than three-dimensional models because they represent some
atmospheric processes in an indirect manner.

The remainder of this report- is as fol lows. Section 2 reviews some
of the dif ferent tracers that are of possible use in cal ibrat ing
two-dimensional models and gives a discussi.on of the uncertaint ies in the
source,/sink terms. Section 3 describes the cal ibrat ion problem and the way
in which the use of a large number of tracers, each wj-th its own
uncertaint ies. leads to a cal ibrat ion problem that appears to have an
unmanageable degree of complexity. Section 4 shows how techniques developed
by Pavl is and Booker (1980) for analysing earthquake data can separate the
overal l  cal ibrat ion problem into a set of managable sub-problems. Section 5
extends this approach and analyses an iterative calibration scheme that is
needed because of non-l inear aspects of the problem and because of the
approximate nature of the initial separation into subproblems. Section 6
discusses the computational requirements for inplementing this calibration
scheme.
2. Data for Calibrat ing two-dimensional models

There are four main classes of quantity that can be used in the
cal ibrat ion of atmospheric transport models. These are the 'meteorological

variablesr, other natural trace consti tuents, products of nuclear test ing, an
other anthropogeni-c trace constituents.

Meteorological variables

The quanti t ies involved are:

( i)  Mass: The mass distr ibution is often used as the basis of
ffildimensional modelling with the vertical distribution being
expressed relat ive to pressure ( i .e. mass) coordinates. I f
advective flows are expressed in terms of stream functions then
mass conservation fol lows automatical lv.

( i i )  Entropy: Entropy (heat) is of l imited value in cal ibrat ing
transport models direct ly, part ly because i t  is not a passive
tracer but mainly because i t  is not conserved by the transport
processes. As describei l  by Hantel and Haase (1983), one of the
main uncertaint ies in the atmospheric heat budget is the vert ical
transport by transient eddies - a process that wi l l  have a non-
Iinear dependence on the heat distribution. One way in which the
heat distr ibution constrains the transport coeff icients is that the

( a )



major axis of the dif fusion tensor is expected to be along the
isent ropes .  (P lumb pers .  comm.) .

( i i i )  Water: In the troposphere water is of l i t t le use as a tracer
since i t  has an active dynamical role and in part icular i t  is not
conserved by the transport processes. I t  has however been used by
Hidalgo and Crutzen (19771 for determining eddy ct i f fusion
coeff icients in the stratosphere.

(iv) Momentum/Angular momentum: Oort (l-983, Appendix B) shows that over
much of the earth, part icularly in the southern hemisphere, the
mean meridional circulat ion cannot be determined direct ly from the
available observations but must be deduced indirect ly from angular
momentum balance. Thus if these mean circulations are used then
angular momentum balance is already implicit in the transport data.
However Plumb (1979) has suggested that effect ive cj.rculat ions
related to the Lagrangian mean may give better descript ions of
zonally arreraged transports.

(b) Natural trace consti tuents

(i)  Carbon dioxide: The natural seasonal cycle of CO, gives a useful
tracer, part icularly for studies of interhemispheiic transport.
fhe problems are that the source and sink strengths are very poorly
known, involving both the biosphere and the oceans.

( i i )  Carbon-13: The studies of seasonal variabi l i ty of carbon isotope
ratios could help to resolve the problems of the relat ive strengths
of biospherj.c and oceanic contributions to the cycle but- the signal
is so small  that the measurements are very dif f icult .

Products of Nuclear Testing

The use of any of these tracers is l imited by the uncertaint ies in the
release rates! However many aspects of the source function are the same
for al l  of these tracers - the main exception being the dist inct ion
between fission and fusion. In addition the location and timing of the
major releases is fair ly well  known - i t  is the amounts released that
are uncertain. The most important species are:

( i)  Carbon-14: This has been widely observed and because of the large
difference between the sLratospheric and tropospheric
concentrat ions, i t  should provide useful infonnation in the
seasonal variability of transport between the st-ratosphere and
troposphere.

( i i )  Strontium-9O: This is a f ission product and. is subject to
relatively rapid rainout from the troposphere once formed. It has
been wideLy measured because of concern over the dangers to health
arising from its chemical sirni lar i ty to calcium (Zirconium-97 is a
s imi la r  f i ss ion  produc t ) .

( i i i )  Tri t ium: A product from fusion on1y. Tri t iurn- distr ibutions in
the oceans have been subject to extensive study but atmospheric
studies have been much more restricted.

( c )



( d ) Other Anthropogenic Consti tuents

(i)  Chlorof lourocarbons: Compounds such as CCl"F (Freon-11) and CCI"F,
( ' @ r e i e a s e d a t r a E e s t h a r J i n c r e a s e d s t e a d r i y a E -
Ieast t i l l  the mid-seventi-es. The main sources were in the
northern hemj-sphere. This has led to a gradient between the
northern and southern hemispheres and between the stratosphere and
troposphere and these qradients can help to calibrate the transport
rates between these regions. There is however a problen with
CCI?F. Fraser et aI.  (1983) have indicated that the observed rates
of Ehange of concentrat ion appear to be inconsistent with the
release rates that are calculated from productj-on data. They
calculated an alternative release function that gives agreement
with the observations. That calculat ion must be regarded as
prel imj-nary because the model i tself  was part ly cal ibrated using
distr ibutions of CCI.F. Such an approach can quickly lead to
circulari ty in the cdl ibrat ion procedure. A consistent approach is
to estimate corrections to the release rate and the transport
parameters simultaneously, and then estimate the combined
uncertaint ies. This calculat ion can be simpli f ied by using a
separation procedure sirni lar to that described in Section 4, below.

(i i )  Krypton-85: This nucl ide is produced by nuclear reactors and has a
ha l f -1 i fe  o f  l -0 .76  years .  Weiss  e t  a l .  (1983)  have observed
interhemispheric gradients of Krypton-85 at sea-Ievel in the
Atlantic.

( i i i )  Carbon Dioxide: The steady increase in fossi l  carbon release has
led to an interhemispheric gradient in concentration but the
analysis is complicated by contr ibutions frorn seasonal covariance
of atmospheric transport and ocean uptake. The vertical
distr ibution may be of interest in detennining rates of transport
into the stratosphere, especial ly in view of the problerns
associated with CCI^F.

J '

3. The cal ibrat ion problem

rhe discussion j-n the previous section reveals gaps in our
knowledge of the sources and sinks of each of the potential tracers. Any
model cal ibrat ion technique that ignores this problem runs the r isk of being
biased ( i f  the uncertaint ies in the sources and sinks are ignored) or
circular ( i f  an i terat ive procedure is used to determine the sources and
sinks and the atmospheric transports from a single data set).  The preferred
approach is to estimate the transport parameters and the sources and sinks
simultaneously with as much accuracy as is possible given the data avai lable.
In practice the estimation procedure wil l  almost certainly be
under-determined and some form of constrained inversion (Twomey, 7977) wiII
be required.

Any direct attempt to estimate both the source,/sink strengths and
the transport parameters simultaneously is like1y to be unacceptably
complicated. As an example, the distr ibution of Ccl"F is very dif f icult  to
interpret even when no other tracers are considered.- Hyson et aI (1980) used
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the horizontal and vert j-cal distr ibutions of CCI?F to rtuner the dif fusive
transports in their two-dimensional model, assuming that the direct estimates
of releases were correct. Later studies by Fraser et al.  (1983) used t ime
series for CC1.F concentrat ions to infer that there were inconsistencies in
the release data, and modif ied release rates were calculated by f i t t ing the
observed t ime series to the results of the model. This type of procedure,
using similar data to tune both the transports and the release rates,
involves a grave risk of circularity even though j-n this partj"cular case
subsequent calculat ions (Enting, unpublished) seem to confirm that the
problem rvith the CCI'F release data in not an art i fact of the cal ibrat ion
procedure. obviousl i  a more detai led analysis of the use of the CCI.F data
is rieeded in order to determine which data can be used in which aspedt
of the calibration. Apart from the uncertainties mentioned above, the
atmospheric lifetime of CCI"F is not entirely certai-n and one of the main
aims of the observational add modelling programs is to determine this
l i fet ine. Again, a detai led analysis of the use of the data is required to
determine whether the lifetime can be estimated, given aIl the other
uncertainties. Formally we could attempt to obtain simultaneous estimates of
an atmospheric l i fet ime and corrections to horizontal and vert ical transports
and corrections to the direct est imates of release rates. Since however i t
seems that these four factors can be estirnated from four different sets of
CCIeF data, (horizontal and vert ical gradients for the respective transport
coeff icients, atmospheric inventories for the l i fet ime and the curvature in
the t ime series for the release rates) a mathematical procedure that exploits
this approximate division into subproblems is desirable.

Even when dif ferent tracers are considered, the cal ibrat ion
problems are not independent because in each case the atmospheric transports
are the same so lonq as the tracers are conserved. The calibration involves
determi-ning the uncertainties in a number of source characteristics that are
connected because of the uncertaint ies in the transports.

The computational procedure should reflect this structure of inter-related
subproblems so far as is possible for the fol lowing reasons:

t i  \ to reduce the size of the individual cal ibrat ion problems;

(i i )  to improve the numerical stabi l i ty of the procedure;

( i i i )  to give a more comprehensible descript ion of the operation of the
cal ibrat ion procedure;

( iv) to al low for the inclusion of addit ional tracers' to the extent
that the relat ive signif icance of nev, data can be assessed in the
context of one 'subproblemr without having to completely
recal ibrate the model.

The comprehensibility of the calibration procedure is perhaps the most
important of these considerations. For many tracers, the process of
simultaneous improvement of our knowledge of the tracer cycle and the
atmospherS-c transports will be highly ass)zmmetric. For sone tracers, the
uncertaint ies in the sources and sinks wil l  be so large that our ( incomplete)

knowiedge of atmospheric transports enables the net release rates to be
determined more accurately while for other tracers, at least some aspects of
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their cycle wil l  be known suff iciently well  for i t  to be possible to make
significant improvements in the determination of atmospheric transport
paraneters. The cal ibrat ion procedure should be set up so as to indicate
which data are signif icant for which aspects of the cal ibrat ion. This is a
s tudy  o f  what  Jackson (L972)  has  ca l led ' the  marg ina l  u t i l i t y  o f  da ta t .

4. The l inear approximation and the analogy with seismic analysis

The calibration problem describeil in the previous section was one
of deducing a single set of t-ransport coeff icients from a set of independent
responses to independent sources each of which has its own inflependent
uncertaint ies. The sorution described in this section j-s taken by direct
analogy from the problern of deducing velocity profiles frorn earthquake data.
This problem can be described in almost identical words to the atmospheric
problem. The requirement is to deduce the ' transport '  coeff icients (the
velocity prof i le for compressive (or tp') waves) given a set of independent
responses to independent sources ( i .e. individual earthquakes) each of which
has i ts own uncertaint ies ( i .e. the posit ions of the hypocentres and the
times of the original shock are unknown). Pavl is and Booker (1980) showed
that, in a linear approxirnation, the earthquake problem can be transformed. so
that it breaks j-nto separate subproblems. They were most interested in
separating the 'velocity-profile' subproblem fron the 'sourcet subproblem so
that different inversion technj-ques can be applied to each subproblem. They
did however point out that the separation produced an independent subproblem
for each separate source ( i .e. each dist inct earthguake). The same
transformations apply equally weII to the atrnospheric transport calibration
problem because in mathematical terms the linearised forms of the problern are
identical.  (The use of these solut ions to the l inearized problem to give an
iterat ive solut ion of the non-I inear problem is discussed in the fol lowing
section) .

The l inear problem described by Pavl is and Booker (1980) can be
regarded as a linearisltlon about some initial solulign described by p
transport parameters x_'- '  and K source parameters sj" ' .  In the seismic
problem thl x* t"pt.".Bt a parameterisation of the f;elocity profile while in
the atmospherYc transport problem they wouJ-d be a parameterisation of the
atmospheric transport processes. The sr. describe the times and positions of
the hypocentres in the seismic problem ijr the various unknown source
strengths in the atmospheric transport problem.

( o )  .  ( o )  ( o )  K  P
y i  =  y i " '  ( I ' " '  , s ' " ' )  *  

.  
x -  A i k "k  *  x -  

" i o *o ,  
i . = l - r r

,K= I D=-L

/ a \

where y. '" '  is the init ial  model predict ion of the i th of I  observations m.
and thers,. and x^ represent deviations from the initial parameters. fittlng
the obser?ationsvm. reduces to solving] " -

( 4 .  L )

K
t

P
tu i

k=l-
4 . .  s .  +

A K K p--1
G .  x ,

r-p p' 1 = I ,  f ( 4 . 2 )
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. .  ( o )
u i  = . i - y i  I

; *  =  x (e t ) * i  u i

^it<
I K

, , 1 ,  * , 1 ,  
u i i '  A i ' L '  vL 'L

( 4 . 3 )

( 4 . 4 )

( 4 . s )

( 4 . 6 )

( 4 . 7 )

The procedure described by Pavlis and Booker is to evaluate

where 4t i"  the Moore-Penrose pseudo-inverse (see Deutsch, 1965) of A. This
matrix is expressed in terms of the singular-value decomposit ion of A, which
can be writ ten as

where U and V are orthogonal matrices ard 4r,1.,  is zero except for the f irst
r elem6nts oi the leading di.agonal which aret 6qual to l*, the r non-zero
singular values of A. fhe pseudo-inverse is

tar )  *,  = 
i ,  i  ,  

u**,  ({-1) r ,  i ,  ui ,  i

where A-' is zero apar! from the first r elements of the leading diagonal
i - rwnr-cn are gr_ven by ^.

The reasons for choosing the solut j .on (4.4) are (Deutsch, 1965):

( i)  I t  is a least-sguares solut ion that rninirnises the sum of squares of
r e s i d u a l s  X p . 2

t_

where  p .  =  y ,  _  X  e . ,  s .
I I l K K

and ( i i )  Where the least-squares solut j-on is not unique ( i .e. i f  r ,  the rank
of matrix A is less than K the number of source parameters) then
solut ion (2.4) selects the least squares solut ion that minj-nises
the deviat ions sL ( i .e. X s,_2 is minimised subject to the
constraint or xpl,  being a f; inimum).

The other advantage of the use of the pseudo-inverse in equation (4.4) is
that i t  al lows for the separation of the ' transport problemr ( i ,e. est imating
the x_) from the rsource problem'.

p

Init ial ly there are I measurements (d in the notat ion of Pavl is and
Booker) from which to estimate K source parameters (p in the notation of
Pavlis and Booker) plus a number of transport, parameters.
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The estimate 3 defined by (4.4) l ies within an r dimensional
subspace of possible s v-ectors. I t  is assumed that K < I and of necessity, r

< K s o

r ( K < I ( 4 . 8 )

lftre effective use of r independent equations to obtain 3 leaves r-r
independent equations from which to estimate x. Pavlis-and Booker show how
these equatj-ons can be constructed explicitly using the orthogonal matrices U
and V that generate the singular value decornposit ion Q.6). The equations
correspond to fitting the (transformed) l-inearised model to a transformed
data set that they cal l  the annulled data set.

In the iterative solution to the non-linear calibration probJ-em
(see Section 5 below) this independence disappears and so the general ised
formalism does not attenpt to transform the data set explicitly. In any case
the procedure described bel-ow uses a solution matrix that is only
approximately equa1 to the pseudo-inverse and so the precise separation woul-d
not occur. The quanti t ies that are of interest in the general case are the
sizes of the subspaces involved since these indicate how much of the data is
actual ly used in each of the subproblems.

5. I terat ive solut ion of the non-l inear cal ibrat ion problern

In general, models of atmospheric transport can not be represented
l inearly and so l inear formalisms such as that of Section 4 can only be used
iterat ively. This Section describes a cal ibrat ion procedure based on
iterat i .ve use of a l inear scheme closelv related to that described in
Sect ion  4 .

In order to describe the general cal ibrat ion procedure i t  is f i rst
necessary to define the notat ion:

or$ are used as indices denoting part icular tracers. Sums over orB are
sums over all tracers and the limits are not given explicitly in
the equations below;

ir j  are j .ndices for observations of tracer concentrat ions and are used
in combinations o, i i  Szi etc. The ranges of i , j  wi l l  depend on the
tracer. suns over ori  etc. are sums over aII observations of al l
tracers t

krk'  are indices for the parameters describ5-ng the tracer source,/sink
strengths and are used in combination such as o,k; Brk' etc. Tlhe
ranges of k,k'  depend on the number of parameters used to
characterise the sources and sinks of a part icular tracer. Sums
over clrk etc. are over al l  the source,/sink parameters of al l  the
tracers t

prp' are indices for the transport parameters. The range of these
indices depends on the resolution that is chosen for the
descript ion of the transportst
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s^r. is the kth pararneter describing the source/sink strengths for the
ath tracer. Stat ist ical est imates of this parameter are denoted
a-0k '

r^r. is a prior est imate of the value of s^r. Ttr is est imate should be
obtained j .ndependently of the tracer dbncentrat ion data which wil l
be used to produce the ref ined estimates 3^r-. fhe ideas behind the
stat ist ical descript ion of constrained invElsion cal ibrat ions are
discussed by Rodgers (L977) and discussions of the application of
these ideas in a geophysical context are given by Enting (1983) and
Enting and Pearman (1-983). I t  is assumed that the units of al l  of
the r^,- and the corresponding s^,- are chosen so that the variances
of thE^prior estimates rdL are EQual to 1 and that the
parameterization is such"that covariances between dist inct r^r 's
are all zero. Thi-s assumption is made for the purposes of
simpli fying the descript ion given in this section. I t  does not
represent a fundamental restriction of the method because any
parameterization that is in a more general form can be transformed
into the speci.al form used here. (Enting and Pearman, (1983)
describe and apply a similar formalism using the more general
descript ion in which variances are not restr icted to unity but
covariances are required to be zero. This degree of general i ty is
probably the most appropriate form for actual calcirlations).

g
L'

j.s the pth transport parameter. Again the cofimon statistical
notat ion x is used. to denote estimates of the ttruet value that
should be Bssigned to the variable xn.

is a prior est imate of the value of x*. This est imate should be
obtained independently of the observations m^.. Again i t  is
assumed that the units of x and s are such*that the variances of
the q^ are all equal to t aBa the ]arameterization is such that all
the ctivariances are zero.

R^i is the i th observed vaLue of the concentrat ion of the ath tracer.
I t  is assumed that the units of al l  the m^, (and the corresponding
y^*) are such that the variances of the mli  are al l  equal to 1, and
tfiat the mn. represent i.-dependent observEtions so that the
covarianceE^are zero. Again this restr ict ion is for the purposes
of sinpl i fying the present descrj .pt ion and Enting (L983) describes
a corresponding formalisn with no restrictlon of the variances of
t h e  m o , .

y^; is the model predict ion for m^.. This predict ion wil l  depend on
the values of the transport pEiameters x^ and on the source
strengths s^r-.  The cal ibrat ion procedurt i  consists of ai l just ing the
parameters *^ and sok so that the yoi agree with the mo..

The calibration procedure that is proposed here is based on
minimising the sum of squares 0, given by

t  = 
* i (ycr i-mai)2 

* y 
3(xn-en) '  

*oi  no(so*-ron)2 ( s .  L )
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The surn of squares 0 is to be minimised with respect to the x^ and the s^r..
The weighting factors should ideal ly be set to one - Enting (1983) describes
circumstances in which other values may be appropriate and discusses the
interpretat ion of the results in these cases. In addit ion, the computational
experience involved in obtaining the results described by Enting-and Pearman
(1983) suggests that the use of weighting factors greater than 1 in the early
steps of an i terat ive procedure can improve the numerical stabi l i ty of such
procedures. (This use of the weighting factors is essential ly the Marquardt
method for function minimisation - see Bard, 1974, Section 5.8).

Enting (1983) has pointed out that there are a number of dif ferent
approaches that suggest ninimising 0 (for Y = no = 1).

( i)  The minimisation of 0 6an simply be regarded as a least squares f i t
to an extended data set consist- ing of 3 classes of data: the m^,.,
the q and the r- '  -  

-  ua
-p uK

(i i)  The analysis can be interpreted as a Bayesian estimation procedure
(see Box and Tiao, L973). The data m^- are used to obtain ref ined
(posterior) est imates of the parameteis'  s^' .  and x^ for which prior
estimates (r^,- and q-) are avai lable. fhi 'd interpretat ion is most
direct when Effe multYvariate distributions are normal.

( i i i )  The analysis can be regarded as a constrained inversion (see for
example Jackson, 1972; Twomey, 19771 of the type common in
geophysical analysis. The infonnation r^"r e* acts as constraints
when the information m^. would lead to afi^illtconditioned
estimation procedure i f 'used on i ts own. Rodgers (1977) has
enphasised that the appropriaLe statistical interpretation of
constrained inversion techniques is obtained by reducing the
procedure to case ( i)  above.

The calibration procedure embodled in the minimj.sation of 0 is formally the
'al l-at-once' procedure described in Section 3. Since this is, forma1ly,
optinal ( in the sense of minimum variance of the estimates) i t  is this
problem that we real ly want to solve. what is presented in this Section is a
technique for solving the combined problem as a sequence of subproblems in a
way that reproduces sorne of the desirable features of the analysis given in
Sect ion  4 .

ALGORITHM

A.  In i t ia l i se  s .o  to  r io  ,  xp  to

B.  For  each 0 ,  es t imate  the  s ,^
o f  x n  a n d  s . ,  ( B / o )

C. Estimate x^ by 'minimisingr 0
obtained i f i  B.

qp and Y, nct to appropriate values;

by 'minimising' 0 with f ixed values

with the s. * f ixed at the values

D. Repeat B and C to obtain i terat ive improvements to the x- and s.^,
adjusting the weighting factors - the f inal est imates sh5uld us6"
weighting factors of 1.
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Remarks

The minimisation step in B and C need not be an exact rninimisation
at each stage. An approximate solution of the subproblems is
adequate so long as the overal l  procedure converges. In part icular
linearised approximations to the subproblems can be sol-ved at each
s tage.

( i i )  I f  the overal l  cal ibrat ion problem were l inear then the technique
would be equivalent to a Gauss-Seidel solut ion of the Linear
equations applied to blocks of varj-ab1es. Convergence wiI l  be
ensured i f  the tdiagonal '  elements are suff iciently 1arge, and in
part icular i f  the weighting factors r1 and 1-. are suff iciently
la rge .  

o

(i i i )  The 'Newton' method of minimising 0 would be to use the f irst and
second derivatives of 0 with respect to all of the unknown
parameters, ( i .e. the x_ and the s_.,_). This technique would have
quadratic convergence (sBe aard, r99[, section 5.6). By breaking
the calibration into subproblems we are precluding any use of the
'mixedr second derivatives a2O , a 2 o

E x  0 s  0 s  .  0 s ^ .- --p- -0k - -o.k- - 
91 '

'The 
most convenient way of minimising 0 seems to be to apply a

further restriction and only consider those contributions to the second
derivative of 0 that involve products of first derivatives of the factors
whose squares are summed. (Bardr 1974, Section 5.9 refers to this as the
Gauss  method) .

I t  is readi ly seen that any solut ions obtained by this i terat ive
procedure wil l  be solut ions of the original probJ-em of minimising 0 with
respect to al l  the x_ and s-.,_. This is because convergence of the i terat ion
occurs when the chaBges p$Saucea by each step go to zero, i .e.

( i )

and

a e  =  0
5;p
a e  =  Q
i=
o >  ,

dK

for al l  p

f o r  a l l  o r k

( s . 2 a )

( s . 2 b )

The combined equations (5.2a,b) consti tute the so-cal led tnormal equationsr
defining the minimum of 0.

At this point the analogy with the seismic problem descri-bed in
Section 4 becomes useful as a basis for describinq the behaviour of the
cal ibrat ion procedure.
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we define a matrix e(s) .such that

-  ( ( l )
- ' ik

0 v .- t -
1--
o"ok

(associat ivi ty)

[  .  * - )
|  ( x  v ) '  =  Y ^ x ' |
\ - -  - -  )

' (since 4 lf i" synunetric)

( a a t a = a d e f i n e s e f )

( 5 ; 3 )

( s .  4 )

( 5 . 6 )

a c  
" \

( 5 . 8 a )

( s . 8 b )

(  5 . 8 c  )

(  s . 8 d )

so that j-n a linearised approximation, the rninimisation subproblern for tracer
(I uses

Dropping the tracer index o and minimising with respect to the s* gives

( . .  l
l l v j " )  *  I  A- . . ,s .  .  -  m. l  o ._*  *  n(sn -  rn)  =  e
i l "  k r  l K ' K '  t J  l

i , [ i  
^,.- Aik' * n 'nn'J "*' = I "k . i[-, 

- 
"i" ' ] 

^ro '(s'5i

The corresponding equation with n = 0 can be written in matrix form as

uo = 
l tvj i )  

* 
ioi i ' ""n 

- 'oi)2 + no E(so* - roo)2

l * l g  =  g r I

The pseudo-inverse gives the solution of equation 5.6 as

s]-nce

e = 1

T
(A- A)

! '

! '

t u

T
A U

. n +
A -  ( A A )

( . \
I f . F I | T

I  ( A  A ' )  
t A l -

( - - -)

{ ' n
( A  A  A ) -  u

lF

( A ) -  u  ,

as required.



have no solution the related equations At A g = AT U always do have at
least one solut ion which is a least squares solut ion of equations (5.9).

When we have already reduced the problem to the fieast sguares form
(5.6) i t  is more convenient to use the pseudo inverse of A-A which is given

by

T  +  +  T +
( A - A ) '  =  A ' ( A - ) '  .

(Ihe various matrix properties of the pseudoinverse are given by Deutsch
(1965) ).  Thus even when the equations

4 : ( s .  e )

( s . 1 0 )

This can be proved by substi tut ing (5.10) into the defining equation

. 
(At Al tot elf ter 4l = Ar A (5.1i.)

The solut ion to (5.6) is writ ten as

g  =  t 4 * l l t l t u

( f rom 5 .10)rt rt* rt

. t  _ t r  _r
A A A

( 5 . 1 2 a )

(5 .1_2b )

( 5 . 1 2 c )

( s .12d )

( 5 . 1 2 e )

+  + P
1 '  ( l  3 ' ) -  u

+ +
A  A A  p

( a s  i n  5 . 8 b )

( a s  i n  5 . 8 c )

T
A r r

&
(fron basic property of A')

as before

Thus the same sqlut+on is obtained by solvlng I s = m using Af ot
by solving (5.6) using (A- A) '. rn terms of the singular value decomposition
described in Section 4 we bave



and

Yhg5. A-' i" zero apart from the leading diagonal whose first r elements are
,t. - 

where gyls .l,.are the ngn-zero singular values of A and the non_zero
e i g e n v a l u e s  o f  A ' a  a r e  l . ' .

Ihe two pseudo inverses (aT a) 
f 

rrrd af have been used as solution
matrices for the sets of equations TS.e) ana (5,9) respectively.

The equations (5.5) with non-zero I would correspond to

n I ) :  =  E *

rhe rnatrix AT A + n r wil1 always have an inverse which can be
written in terms of the EingutEr value decomposition as

, l  l ,ur- t '  
A1'L '  vLL'

, l  l ,unn ,  
(A-1)k , i ,  u i , i

n l ,  * l , ,uun"  
(A-2) t " ; . "  '  vL"  ' ; . '

(aTe +

( , t
l ( A - A  +  n  r )
\ - -

( s . 1 3 )

( s .1 -4 )

x with diagonal elements given by
are non-zero. For tr.  >> n the
5.14) approximate tho3e of the pseudo-
ontributions are 1,/I rather than the 0

Applying the solut ion matrix (5.14) to the r ight hand side of (5.5)
it will be seen that in directions correspondips to eigenvectors with l, >> r1
the right-hand side will be dominated. by the A' m term and the sorutiona
matrix wi l l  approxinate the pseudo-inverse. Tn Ehese direct ions the solut ion
wil l  approximate the solut ion of (5.7). When tr.  |  0 the sol_ution matrix
differs from the pseudo inverse which leads to dtfferences but since the
right hand side will be dominated by the nr,- term, the eguations are
approximatery nr s = I r and so the solutiofi in these directions is onry
weakry dependent on the fr. Thus as in the pseudo-i.nverse approach used in
the seismic problem, the estimates of the s are based on the combinations of
data corresponding to the large singular values of A. The uniform treatnent
of alr direct ions avoids consideration of dist inct Eases depending on the
relat ive sizes of the subspaces (as is necessary in inversion formal- isms such
as  tha t  used by  Bo l in  e t  a I .  1983) .
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The solutfon matrix (5.L4) is seen to be an approximation to the
pseudo-inverse of A' A. The same solution can also be obtained by adding
addit ional rows to A in (5.9) so that the equations become (in block form)

( s . 1 5 )

=  3 * ( Y )  g

Since (1* ( .y) )  e* (y) r  = (s .  1"6)

the singular values of A* (1) 4ust le the square roots of the eigenvalues of
the  r igh t  hand s ide  ( i .e .  ( l r -  +  n1 '1 .  Lawson and Hanson (L974 '  Sec t ion  4  o f

chapter 25) show this explicitly by applying Givens rotations to equation
( s . r . s ) .

The correspondence between the solution matrix (5.74) that occurs
in the calibration procedure outlined above and the pseudo-inverse used by
Pavlis and Booker (1980) shows that we can legitimately use the distribution
of eigenvalues as a measure of the extent to which a given set of data is
giving j-nformation about the source parameters sqk.

The present calibration procedure does not attempt to construct an
'annulled data setr of the type used by Pavlis and Booker. The reasons for

omitt ing this step are:

( i)  Modet predict ions Y-1 for any tracer wiII  be obtained by a
numerical integratibfr of the full transport model. The amount of
conputation will be proportional to the number of tracers that will
be essentially independent of the number of data points and so an
annulled data set does not give any computational saving. fhe
exception is the case in which a tracer can be conpletely ignored
for the purposes of calibrating the transPorts because the source
function is so poorly known that a1I data is used in attempting to
determine the release rate.

(ii) rhe independence properties associated with the use of the annulled
data set are desirable but will inevitably be lost in any iterative
calibration of a non-Iinear system. There is no point in having a
tlocal' i.ndependence in the substeps when it does not lead to any
'globaf independence property of the overall calibration.

( i i i )  Since the estimates of the s^,. and xh are being rbiased' by the
prior estimates r^,- and q- it "is reas6nable to use any one
particular obser$5tion iBr cornbination of observations) to adjust
both sets, {s . } and {x } so as to obtain the best compromise
between fittiftS the priBr estimates and the observations.

I  e ' l  f  ; l
l " I ' l  t g :  =  l " : ' l
I  YnU t YnU

4 1 + v l r ,
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h the substep in which the transport parameters x* are estimated
the distribution of eigenvalues can again be used to indicat5 the amount of
information in the residual data. The most appropriate way of assessing the
relat ive contr ibutions of the dif ferent tracers appears to be repeating this
step with each successive Lracer removed. In special cases i t  may be
appropriate to remove smaller data sets to determine the importance of a
part icular type of observation. I t  may aLso be of interest to determine the
rrsefulness of proposed observational programs by g,enerating possible data
sets and calibrating the system using this hypothetical data. This approach
has been used by Enting and Pearman (1984) in carbon cycle studies.

Apart from the parameter est imates (x^ and s^L) i t  is also
desirable to give indications of the uncertaintles in Eliese estimates and of
the uncertaint,ies in any quantities that may be calculated using the model.

Enting (1983) has described a computational ly convenient technique
for calculating the variance of any quantity Z Lhat depends on the parameters
of a model. The procedure is to minimise

( s . l - 7 )

with respect to al l  the parameters. This gives a set of perturbed
parameters, the amount of perturbation being proportional to e, and z is
evaluated using these values to give a quanti ty Z (e) .  Enting (1-983) shows
that, to a linear approximation,

va r  ( z l  =  ( z (e ,  -  z (o ) /e ( 5 .  1 B )

6. Implementation of the formalism

From the general formalisn described
classes of calculat ion can be identi f ied:

( i)  using a reference data set, cal ibrate
{ x  } ;

in Section 5, three dist inct

the system, estimating {so*},

(ii) in€estigate perturbations about the reference calibration for
purposes such as calculat ing variances using eguation (5.18);

( i i i )  recal ibrate the system with a sl ightly dif ferent data set and
compare the results to the reference cal ibrat ion. These
calculat ions can be either for studj.es of the marginal ut i l i ty of
various data sets or for extending the reference data set as new
information becornes available.

The implementation of these calculations can best be described by
starting with the data structures that are used. Since the calculations
above represent a set of inter-reLated computations that are Iikely to be
performed at a variety of times, it j-s clear that the system must be built
around a set of permanent files that preserve the information between runs.
A schemati-c example is shown in Figure 6.L.



I9

REFERENCE FILE

version #

data decript ions

q,  var  (e )

i  (current)

For each cl

reference to a f i le

mo, var (rno)

ro ,  var  ( ro )

so (current)

status f lags

v a  ( 3 , * )

CT2 F'ILE

I t

WORKING FILE

I

l l

il

as for reference
f i le

O1 FILE

I t

l l

O3 FILE

il

I

F i g u r e  6 . 1

Relat ions betrreen f i les.
The working file is used
both for independent
studies involving
perturbations about the
reference and as a step
in extending the data set
(or parameter set) used
as a reference.
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The main features of the f i le set are:

( i)  A feference { i le: This hQlds the irput" (g, q and their variances)
and outputs (the current x, the current s and the current y(x)).
It also holds basic descrTptors of the various quantities ind-
pointers to other f i les (one for each tracer) containinq the
derivatives of v.

The reference f i le holds status f lags for each of these f i les
indicating which of the rows of the derivative matrix have been
calculated using the current * rather than a previous *.

The fil-e also includes a version number that is incremented eabh
time x is changed and which serves to distinguish the reference
file Erom the working fi1e.

( i i )  A working f i ler Used in studies of variat ions about the reference
calibrat ion. The structure is the same as for the reference f i le
al-though the contents of the file will reflect the changes that are
being investigated. For ini t ial  i terat ion steps or sirnple
perturbation studies it may be possible to make use of derivatives
calculated at the reference parameters, and the derivative f i les
wil l  be copied from those associated with the reference f j . Ie.

( i i i )  Derivative f i les: fhere is one f i le for each tracer, holding

f a v l  ( '  \
l : j_Sl , lo"o l .  when these f i les are f i rs t  set  up they are only
1 5 " ^ l  l a " l(  q J I  J

skdletons - the rovrs ( i .e. derivatives of al l  observations of
tracer o, with respect to an x_ or an s-,_) are writ ten as they are
calculated P 0K

The various conputations can be defined in terms of the changes
that they induce in these files. The following list gives the main processes
described i.n terms of these changres. The l-nterrelations between these
processes are shown in Figure 6.2.

( i)  INITIALISE: Read inputs I ,  g, !  and their variances and
specifications of the tracers and their weight factors. Create
reference f i le and skeletons of the derivative f i1es.

( i i )  MODIFY: Create a working f i le which is a copy of the reference
ffisuuject to certain changes. create skeleton derivative files
and copy in as much information as possible from the previous
derivative f i les. I f  the data set for a part icular tracer is being
extended then al l  rows in that tracer matrix wi l l  be recalculated.

(iii) MATRfX: work through the status flags and recalculate any matrix
rows that are unknown or only known for earlier parameter sets.
This process is designed to be restartable. The status f lags keep
track of i ts progress. This process starts to be recalculat ing
y- (x) i f  necessary.
n -
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INITIALISE

x+9, g+I

TRANSF'ORM

PARAMETERS,
SET UP DATA

SELECTION

SENSITIVITY
STUDIES

Figure  6 .2 .

Relations between
processes involved
in cal ibrat ion and
sensit ivi ty
studies. Based on
structure diagrams
of  Jackson ( l -975) .
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(iv) FITg: Calculate an improved
fr,p^,). Reset status flagsn - '--0

(v) FIT x: Calculate an improved
revise 4 for al l  tracers and
should bE made restartable i f

set of source parameters s and revise
for tracer o. 

o

set of transport parameters x and
reset al l  status f lags. thiE process
several tracers are involved.

(vi) SENSITIVITY: Calculate a revised set of s- * and x* that minimises
E-l-M-l€a specif ied Z. Evaluate y (s$,x*) and tabulate the
d i f f e r e n c e s  r r o m  

4 ( s , I ) .  

- o . -  ' -

For these main processes there are four main classes of subr:rocess.

7 .

(vi i)  FILE CREATION: Used by INITIALISE ani l  MODfFY.

(vi i i )  EQUATION SOLVING: Used by FITo, I . ITx and SENSTTIVITY.

(ix) PARAMETER HANDLING: To convert the lists of parameters s-. and x
@red to integrate the model equations.{set u[
l i s t  to  se lec t  y0 .

(x) INIEGRATION: Integrate the rnodel equations for tracer o, storing
the part icular set of results, corresponding to the observations,
a s v .

n

Discussion

The procedures described in the preceding sections were designed
mainly for calibrating two-dimensional atmospheric transport models. The
analogy with the analysis of seismLc data (Pavl is and Booker, 1980) provides
a demonstration of the feasibility of splitting the calibration procedure
j.nto a series of subproblems associated with each tracer's sources and sinks
followed by a subprobrem involving the atmospheric transport parameters.
This type of approach would be likely to have much wider applications in
global biogeochemical studiesi some possibl-e appl icat ions are suggested here.

(i) Most two-dimensional atmospheric transport models use typical
circulat ions for al l  years. with suff icient data i t  may be
possible to look at interannual variabi l i ty in tracer transport,
applying the analysis above to the 'anomaliest in concentrat ions
and transport rates.

( i i )  I t  may be possible to apply similar techniques to the modell ing of
reactive atmospheric constituents. For exampre the distribution of
oH radicar is a conunon point of contact for a number of atmospheric
chemical cycles that are otherwise loosely coupled and so the
techniques described in this report may be applicable to modell ing
atmospheric chemistry as a set of subsystems that are nearly
independent apart from their coupling to the OH radical
distr ibution.
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